Abstract: The aim of this work is to analyze the relationship between interval QL-implications and interval D-implications, studying some properties that relate these concepts. We also analyze under which conditions the main properties relating punctual D-implications and QL-implications are still valid when an interval-based fuzzy approach on best interval representations is considered.
Introduction
The interval-valued fuzzy set theory was introduced in an independent way by [14, 16, 26, 34] and considers the integration of Fuzzy Theory [33] and Interval Mathematics [21] . It has been studied from several viewpoints (see, e.g., [6, 10, 13, 17, 22, 31, 12] ) in order to deal with the representation of different kinds of uncertainty in fuzzy logic. In this paper, an interval extension considers the best interval representation of a fuzzy membership function [6, 7] in order to model the uncertainty in the process of determining exact membership grades.
Among different models of fuzzy implications, quantum logic implications (QL-implications, for short) and Dishkant implications (D-implications, for short) were studied only recently (see, e.g., [18, 19] ). Following the approach used in our previous works [3, 4, 5, 6, 7] , the aim of this paper is to analyze the relationship between interval QL-implications [23] and interval D-implications [24] , studying several important properties that relate these concepts. In particular, we analyze under which conditions the main properties relating punctual D-implications and QL-implications [18, 20] are still valid when an intervalbased fuzzy approach is considered. This paper is organized as follows. Section 2 reviews the main concepts related to interval representations. Interval fuzzy t-conorms (t-norms) and negations are presented in sections 3 and 4, respectively. Fuzzy implications, interval QL-implications and D-implications are discussed in the sequence. The interrelations between interval QL-implications and interval D-Implications are considered in Section 8. Section 9 is the Conclusion with some final remarks.
Interval Representations
The left and right projections l, r : U → U are defined by l([a, b]) = a and r([a, b]) = b, respectively. For a given interval X ∈ U, l(X) and r(X) are also denoted by X and X, respectively.
Among the partial orders that may be defined on U [9] , in this work we consider:
The best interval representation of a real function f :
The interval function f is well defined and for any other interval representation F of f , F f . Thus, f returns a narrower interval than any other interval representation of f and f has the optimality property of interval algorithms [15] , when it is seen as an algorithm to compute a real function f .
Remark 1
The best interval representation of a function f : U n −→ U is the hull of the range of f , that is, for each X ∈ U n , f ( X) = {f ( x) : x ∈ X} = f ( X) if and only if f is continuous in the usual sense [27] .
Proof: It is straightforward.
Interval t-norms and t-conorms
A triangular conorm (norm), t-conorm (t-norm) for short, is a function S(T ) : U 2 → U that is commutative, associative, monotonic and has 0 (1) as neutral element.
Example 3.1
The maximum t-conorm and the minimum t-norm are expressed, respectively, as:
In the following, we present the interval generalizations of t-conorms (t-norms), according to [6, 7] .
if it is commutative, associative, monotonic w.r.t. the product and inclusion order and [0, 0] ( [1, 1] ) is the neutral element.
Characterizations of S and T are given, respectively, by:
4 Interval Fuzzy Negations
Fuzzy negations satisfying the involutive property are called strong fuzzy negations [2] :
Definition 4.1 An interval function N : U −→ U is an interval fuzzy negation if, for any X, Y in U, the following properties hold:
If N also meets the involutive property, it is said to be a strong interval fuzzy negation:
Let N : U −→ U be a fuzzy negation. A characterization of N is given by: 
Fuzzy Implications
Several definitions for fuzzy implications have been given (see, e.g., [1, 8, 11, 25, 32] ). The minimal properties that a fuzzy implication I : U 2 −→ U must satisfy are the corner conditions:
There are different classes of fuzzy implications obtained in a canonical way from other fuzzy connectives. This paper focuses on the classes of QL-implications and D-implications.
Let S be a t-conorm, N be a strong fuzzy negation and T be a t-norm. A QL-implication is a fuzzy implication defined, for all x, y ∈ [0, 1], by [28] :
an a D-implication is a fuzzy implication defined, for all x, y ∈ [0, 1], by [18, 19] :
The definitions of QL-implication and D-implication are closely related. In fact, a D-implication is just the contraposition with respect to N of a QL-implication, and the converse also holds. Thus, whenever I D is a D-implication, I QL is a QL-implication, and N is their underlying fuzzy negation, then we have that
are a D-implication and a QL-implication, respectively [19] . 
Interval QL-implications
An interval function I : U 2 → U is an interval QL-implication if there are an interval t-conorm S, a strong interval fuzzy negation N and an interval t-norm T such that Denote by C(S), C(T ), C(I QL ) and C(N ) the classes of continuous t-conorms, t-norms and QLimplications, and strong fuzzy negations, respectively. The related interval extensions are indicated by C(S), C(T), C(I QL ) and C(N), respectively. The results in previous sections and Proposition 6.1 state the commutativity of the diagram in Figure 1 . 
C(S) × C(N) × C(T)
(
Relating Interval QL-implications and Interval D-Implications
The results presented in this section are based on the study on the interrelations between QLimplications and D-implications, which appeared only recently as subject of some important works (see, e.g., [18, 19] ). In this paper, we analyze important properties connecting interval D-implications and interval QL-implications. 
Proof: Suppose that I S,N,T satisfies the property FPA. Then, it follows that
Thus, one has that S(X, N(X)) = [1, 1] . The other case is analogous, considering SPI instead of FPA. Proof: Suppose that I QL is an interval QL-implication. Then, it follows that
Therefore, D(I QL ) is an interval D-implication. The other case is analogous. Proposition 8.3 Let T M be the minimum t-norm presented in Example 3.1, N a strong interval fuzzy negation and S an interval t-conorm satisfying equation 13. Then, it holds that
and, for I S, T M ,N , the first place antitonicity property holds.
Proof: Suppose that T M is the minimum t-norm presented in Example 3.1, N is a strong interval fuzzy negation and S is an interval t-conorm satisfying equation 13. Then, it follows that 
Conclusion and Final Remarks
Among the usual fuzzy implications used in fuzzy rule based systems and for performing inferences in approximate reasoning and fuzzy control, this paper focused on the interval-valued QL-implications and their contrapositions with respect to strong interval fuzzy negations, namely the interval-valued Dimplications constructed from two special aggregation operators: interval t-norms and interval t-conorms.
The paper mainly discussed under which conditions generalized fuzzy QL-implications and Dimplications applied to interval values preserve properties of canonical forms. The significance for requiring that the interval QL-operators and D-operators to be also interval implications was emphasized, since then these operators can be used in fuzzy inference processes. It was shown that some properties of fuzzy logic (e.g, contrapositive symmetry, exchange principle, first place antitonicity, second place isotonicity) might be naturally extended for interval fuzzy degrees, considering the respective degenerate intervals. The study of the relationships between interval-valued D-Implications and interval-valued QL-Implications obtained from the action of an interval automorphism is ongoing work.
